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Abstract. We define the i-restriction and j-induetion funetors on the cate- 
gory O of the cyclotomic rational double affine Hecke algebras. This yields a 
crystal on the set of isomorphism classes of simple modules, which is isomor- 
phic to the crystal of a Fock space. 

Resume. On definit les foncteurs de i-restriction et i-induction sur la categorie 
O des algebres de Hecke doublement affine rationnelles cyclotomiques. Ceci 
donne lieu a un cristal sur I'cnsemble des classes d'isomorphismes de modules 
simples, qui est isomorphe au cristal d'un espace de Fock. 



Introduction 

In |A1) . S. Ariki defined the z-restriction and i-induction functors for cyclotomic 
Hecke algebras. He showed that the Grothendieck group of the category of finitely 
generated projective modules of these algebras admits a module structure over the 
afRne Lie algebra of type A^^^ with the action of Chevalley generators given by the 
^-restriction and i-induction functors. 

The restriction and induction functors for rational DAHA's(=:double affine Hecke 
algebras) were recently defined by R. Bezrukavnikov and P. Etingof. With these 
functors, we give an analogue of Ariki's construction for the category O of cyclo- 
tomic rational DAHA's: we show that as a module over the type A^^^ affine Lie 
algebra, the Grothendieck group of this category is isomorphic to a Fock space. We 
also construct a crystal on the set of isomorphism classes of simple modules in the 
category O. It is isomorphic to the crystal of the Fock space. Recall that this Fock 
space also enters in some conjectural description of the decomposition numbers for 
the category O considered here. See [U], jY]i |Rlj for related works. 



Notation 

For A an algebra, we will write ^-mod for the category of finitely generated 
A-modules. For / : A — >■ B an algebra homomorphism from A to another algebra 
B such that B is finitely generated over A, we will write 

/* : B -mod — > A -mod 

for the restriction functor and we write 

f* -.A -mod B -mod, M ^ B®aM. 

A C-linear category A is called artinian if the Hom sets are finite dimensional 
C-vector spaces and every object has a finite length. Given an object M in A, we 
denote by soc(M) (resp. head(M)) the socle (resp. the head) of M, which is the 
largest semi-simple subobject (quotient) of M . 

Let C be an abelian category. The Grothendieck group of C is the quotient of the 
free abelian group generated by objects in C modulo the relations M — M' + M" 
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for all objects M, M' , M" in C such that there is an exact sequence — > M' -> 
M — > M" — > 0. Let K{C) denote the complexified Grothendieck group, a C-vector 
space. For each object M in C, let [M] be its class in K{C). Any exact functor 
F : C ^ C between two abelian categories induces a vector space homomorphism 
K{C) K(C'), which we will denote by F again. Given an algebra A we will 
abbreviate K{A) = is:(^-mod). 

Denote by Fct(C,C') the category of functors from a category C to a category 
C . For F G Fct(C,C') write End(F) for the ring of endomorphisms of the functor 
F. We denote by If : F -> F the identity element in End(F). Let G £ Fct(C',C") 
be a functor from C to another category C" . For any X E End(F) and any 
X' S End(G) we write X'X : G o F G o F for the morphism of functors given 
by X'X{M) = X'{F{M)) o G{X{M)) for any M e C. 

Let e ^ 2 be an integer and z be a formal parameter. Denote by sle the Lie 
algebra of traceless e x e complex matrices. Write Eij for the elementary matrix 
with 1 in the position and elsewhere. The type A'^^'^ affine Lie algebra sle is 
sie <E) C[z, z^^] Cc with c a central element. The Lie bracket is the usual one. We 
will denote the Chevalley generators of sle as follows: 

e, ^ E,^,+i 1, Ji^F,+i,i®l, h,^{E.,i~E.,+i,i+i)®l, 1 ^ i < e - 1, 
e(i = Ee,i®z, fa^Eiei^z'^, ho = {Fee ~ En) 1 + c. 

For i e Z/eZ we will denote the simple root (resp. coroot) corresponding to by 
ai (resp. a^). The fundamental weights are {A^ : i £ Z/eZ} with (Aj) = Sij 
for any i,j G Z/eZ. We will write P for the weight lattice, the free abelian group 
generated by the fundamental weights. 

1. Reminders on Hecke algebras, rational DAHA's and restriction 

functors 

1.1. Hecke algebras. Let f) be a finite dimensional vector space over C. Recall 
that a pseudo-refiection is a non trivial element s of GL{\)) which acts trivially on 
a hyperplane, called the reflecting hyperplane of s. Let W C G'i((]) be a finite 
subgroup generated by pseudo-reflections. Let S be the set of pseudo-reflections 
in W and A be the set of reflecting hyperplanes. We set Ijreg = f) — [JneA 
is stable under the action of W . Fix Xo € ^reg and identify it with its image in 
i)reg/W. By definition the braid group attached to {W, [)), denoted by B{W, f)), is 
the fundamental group TTi{l)reg/W,xo)- 

For any H E A, let Wh be the pointwise stabilizer of H. This is a cyclic 
group. Write bh for the order of Wh- Let sh be the unique element in Wh whose 
determinant is exp(^^!-^^^^). Let g be a map from S to C* that is constant on the 
W^-conjugacy classes. Following jBMRi Definition 4.21] the Hecke algebra J^q{W, f)) 
attached to {W, ()) with parameter q is the quotient of the group algebra CB{W, f)) 
by the relations: 

(r.„-l) n - = 0, He A. (1.1) 

Here Tg^ is a generator of the monodromy around H in i)reg/W such that the hft 
of Ts„ in TTi{W, l)reg) via the map l)reg — >■ hreg/W is represented by a path from xq 
to sh{xo)- See |BMRl Section 2B] for a precise definition. When the subspace t)^ 
of fixed points of in () is trivial, we abbreviate 



BW^B{W,1^), J^g{W) ^ jfg{W,i)). 
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1.2. Parabolic restriction and induction for Hecke algebras. In this section 
we will assume that f}^ = 1. A parabolic subgroup W of W is by definition 
the stabilizer of a point b G t). By a theorem of Steinberg, the group W is also 
generated by pseudo-refiections. Let q' be the restriction of qtoS' = W'OS. There 
is an exphcit inclusion : Jfq'{W') ^ J^q{W) given by [BMRi Section 2D]. The 
restriction functor 

■^""ResJ^, : Jfq{W) -mod ^ ^'(W^') -mod 
is the functor (ig)*. The induction functor 

is left adjoint to "^""ResJ^/ . The coinduction functor 

•^'"colndj^, =Hom^^,(tv')(^,W,-) 

is right adjoint to "^^ResJ^/ . The three functors above are all exact. 

Let us recall the definition of iq. It is induced from an inclusion i : Bw' ^ Bw, 
which is in turn the composition of three morphisms £, n, j defined as follows. First, 
let A' C Ahe the set of reflecting hyperplanes of W . Write 

b = f)/[)^", A={H = i?/f)^' : H e A'}, = U ^' f^-s - t)- U ^■ 

The canonical epimorphism p : f) — >■ f) induces a trivial W^'-equivariant fibration 
p : — f),.eg, which yields an isomorphism 

i: Bw ^MKeg/W\p{xo)) ^Mi)'^,g/W\xo). (1.2) 

Endow [) with a T4^-invariant hermitian scalar product. Let 1 1 • 1 1 be the associated 
norm. Set 

n = {xet): ||a;-6|| < e}, (1.3) 

where £ is a positive real number such that the closure of ft does not intersect any 
hyperplane that is in the complement of A' in A. Let 7 : [0, 1] — )■ () be a path such 
that 7(0) = xo, 7(1) = b and ^(t) € l)reg for < i < 1. Let u € [0, 1[ such that 
xi = 7(it) belongs to fl, write 7„ for the restriction of 7 to [0, u]. Consider the 
homomorphism 

a : Tri{Q f] tjreg, xi) 7ri(t)reg, a;o), A h^. 7^1 • A • 7u. 

The canonical inclusion f)reg ^ flj-eg induces a homomorphism 7ri(f)reg, a^o) — ^ 
7ri(f)^gg, Xo). Composing it with a gives an invertible homomorphism 

7ri(fin flreg,a;i) ^ 7ri(f)^gg, a;o). 

Since is VF'-invariant, its inverse gives an isomorphism 

K : 7ri(();,g/PF',a;o) ^ 7ri((ri n l)reg)/W' , xi). (1.4) 

Finally, we see from above that a is injective. So it induces an inclusion 

TTi{{nni)reg)/W',Xi)^TTi{t)reg/W',Xo). 

Composing it with the canonical inclusion T^i{\]reglW ,xq) ^ T:i(\)reg/W,xo) gives 
an injective homomorphism 

J : ^ll{{VtC^\)reg)|W',Xl) ^ 7ri{l)reg/W,Xo) = Bw ■ (1-5) 

By composing £, k, j we get the inclusion 

I = JO Ko £ : Bw ^ Bw- (1-6) 
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It is proved in |BMR1 Section 4C] that i preserves the relations in (|l.ip . So it 
induces an inclusion of Hecke algebras which is the desired inclusion 

iq:Jifq,{W')^Jifq{W). 

For I, i' : Bw' ^ Bw two inclusions defined as above via different choices of the 
path 7, there exists an element p G Pw = T^ii^reg^xa) such that for any a £ Bw' 
we have z(a) — pt'{a)p~^. In particular, the functors and {^')■^, from Biy-mod 
to -mod are isomorphic. Also, we have (iq)* = (*^)*. So there is a unique 
restriction functor '^'^Res}^/ up to isomorphisms. 

1.3. Rational DAHA's. Let c be a map from 5 to C that is constant on the 
W-conjugacy classes. The rational DAHA attached to W with parameter c is the 
quotient Hc{W, ()) of the smash product of CW and the tensor algebra of [) © f}* by 
the relations 

[x,x']=0, [y,y']=0, [y,x] = {x,y) -'^Cs{as,y){x,a^)s, 

for all x,x' e f)*, y,y' G f). Here (•, •) is the canonical pairing between f)* and (), 
the element as is a generator of Im(s|f,-> — 1) and is the generator of Im(s|i, — 1) 
such that {as,a^) — 2. 

For s G S write As for the non trivial eigenvalue of s in fj*. Let {xi} be a basis 
of ()* and let {yi} be the dual basis. Let 

eu.5:..,.+^-5:^. (1.7) 

be the Euler element in HdW, f))- Its definition is independent of the choice of the 
basis {xi}. We have 

[eu,Xi] = Xt, [eu, y^] = -yt, [eu, s] = 0. (1.8) 

1.4. The category O of Hc{W, f)) is the fuU subcategory OdW, ()) of the category of 
Hc{W, f))-modules consisting of objects that are finitely generated as C[[)]-modules 
and f)-locally nilpotent. We recall from |GGOR[ Section 3] the following properties 
of Oc{W,t)). 

The action of the Euler element eu on a module in Oc{W, ()) is locally finite. The 
category Oc{W, (}) is a highest weight category. In particular, it is artinian. Write 
Irr(IF) for the set of isomorphism classes of irreducible representations of W. The 
poset of standard modules in Oc{W, ()) is indexed by Irr(VK) with the partial order 
given by [GGORi Theorem 2.19]. More precisely, for ^ e Irr(H^), equip it with a 
CW X C[[)*]-module structure by letting the elements in [) C C[f)*] act by zero, the 
standard module corresponding to ^ is 

It is an indecomposable module with a simple head L(^). The set of isomorphism 
classes of simple modules in Oc{W, f)) is 

: ^ e Irr(T4^)}. 

It is a basis of the C-vector space K{Oc{W, t})). The set {[A(^)] : ^ e Itt{W)} gives 
another basis of K{Oc{W, I})). 

We say a module N in OdW, ()) has a standard filtration if it admits a filtration 

0^ No C Ni C... C N 

such that each quotient Ni/Ni^i is isomorphic to a standard module. We denote 
by 0^{W, [}) the full subcategory of Oc{W, [)) consisting of such modules. 
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Lemma 1.1. (1) Any projective object in Oc{W,t)) has a standard filtration. 

(2) A module in Oc{W, [)) has a standard filtration if and only if it is free as a 
<C[l}]-module. 

Both (1) and (2) are given by |GGOR[ Proposition 2.21]. 

The category Oc{W, f)) has enough projective objects and has finite homological 
dimension |GGOR[ Section 4.3.1]. In particular, any module in Oc{W,t)) has a 
finite projective resolution. Write Proj^(VF, f)) for the full subcategory of projective 
modules in Oc{W, f)). Let 

I ■.Vml{W,\))^Oc{W,i)) 
be the canonical embedding functor. We have the following lemma. 

Lemma 1.2. For any abelian category A and any right exact functors Fi, F2 from 
Oc{W, f)) to A, the homomorphism of vector spaces 

rj : Hom(i^i, i^2) — > Hom(Fi o I,F2 I), 7 7I7 

is an isomorphism. 

In particular, if the functor i^i o / is isomorphic to F2 o /, then we have Fi ^ F2. 

Proof. We need to show that for any morphism of functors v : Fio I ^ F20 1 there 
is a unique morphism i> : Fi F2 such that = v. Since Oc{W, f)) has enough 
projectives, for any M e Oc{W, f)) there exists Pq, Pi in Proj^(py, f)) and an exact 
sequence in Oc{W,t)) 

Fi A Po A AI 0. (1.9) 
Applying the right exact functors Fi, F2 to this sequence we get the two exact 
sequences in the diagram below. The morphism of functors z/ : Fi o / — > F2 o / 
yields well defined morphisms v{Pi), v{Po) such that the square commutes 



F2(di) 



F2(do) 



F2{Pl) — ^ F2(Po) F2{M) ^ 0. 

Define v{M) to be the unique morphism Fi{M) — > F2{M) that makes the diagram 
commute. Its definition is independent of the choice of Pqi Pii and it is independent 
of the choice of the exact sequence (|1.9p . The assignment M ^ v{M) gives a 
morphism of functor D : Fi ^ F2 such that vli — v. It is unique by the uniqueness 
of the morphism v(]\'V). □ 

1.5. KZ functor. The Knizhnik-Zamolodchikov functor is an exact functor from 
the category Oc{W, t}) to the category J^q{W, f)) -mod, where g is a certain param- 
eter associated with c. Let us recall its definition from [GGORl Section 5.3]. 
Let I?(f)reg) be the algebra of differential operators on t)reg- Write 

We consider the Dunkl isomorphism, which is an isomorphism of algebras 

given by a; I— >■ X, w i-^ w for X € f)*, w € W , and 

For any M e f)), write 
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It identifies via the Dunkl isomorphism with a 'D{l)reg) M^-module which is finitely 
generated over C[f)reg]- Hence Mp,^^ is a PF-equivariant vector bundle on i)reg with 
an integrable connection V given by Vy{m) — dyiri for m g M, y € \). It is 
proved in |GGOR[ Proposition 5.7] that the connection V has regular singularities. 
Now, regard {)reg as a complex manifold endowed with the transcendental topology. 
Denote by O^J" the sheaf of holomorphic functions on \)reg- For any free C[f)reg]- 
module TV of finite rank, we consider 

It is an analytic locally free sheaf on \)reg- For V an integrable connection on N , 
the sheaf of holomorphic horizontal sections 

^{ne N"' : Vy{n) = for all yet)} 

is a VF-equivariant local system on t)reg- Hence it identifies with a local system 
on i)reg/W. So it yields a finite dimensional representation of Ci3(VF,f)). For 
M e Oc{W, ()) it is proved in |GGOR[ Theorem 5.13] that the action of CB{W, f)) 
on factors through the Hecke algebra J^q{W,t)). The formula for the 

parameter q is given in [GGORi Section 5.2]. 

The Knizhnik-Zamolodchikov functor is the functor 

KZiW, [)) : OciW, t)) ^ Ji^giW, f))-mod, M ^ (Mf,„J^. 

By definition it is exact. Let us recall some of its properties following [GGORj . 
Assume in the rest of this subsection that the algebras Jfq{W,l)) and CW have 
the same dimension over C. We abbreviate KZ — KZ(IV,f)). The functor KZ is 
represented by a projective object Pkz in Oc{W,t)). More precisely, there is an 
algebra homomorphism 

p : J'/fgiW, f)) ^ Endo,(M^,(,)(PKz)°P 

such that KZ is isomorphic to the functor Homo^j^v^ij) (Pkz, — )• By jGGORI The- 
orem 5.15] the homomorphism p is an isomorphism. In particular KZ(Pkz) is 
isomorphic to Jfq{W, t)) as Jffq{W, f))-modules. 

Now, recall that the center of a category C is the algebra Z{C) of endomorphisms 
of the identity functor Idc- So there is a canonical map 

Z{Oc{W, i))) ^ Endo^(vv,(,)(PKz). 

The composition of this map with p^^ yields an algebra homomorphism 

where Z{Jf^q{W, t))) denotes the center of Jfq{W, [)). 

Lemma 1.3. (1) The homomorphism 7 is an isomorphism. 

(2) For a module M in Oc(W, f)) and an element f in Z{Oc{W, t))) the morphism 

KZ(/(Af)) : KZ(A/) ^ KZ(Af) 

is the multiplication by 7(/). 

See |GGOR[ Corollary 5.18] for (1). Part (2) follows from the construction of 7. 

The functor KZ is a quotient functor, see |GG0R1 Theorem 5.14]. Therefore it 
has a right adjoint S : ,^q{W,\)) Oc{W, [)) such that the canonical adjunction 
map KZoS* — > ldjff(w,t)) is an isomorphism of functors. We have the following 
proposition. 

Proposition 1.4. Let Q be a projective object in Oc{W, f)). 

(1) For any object M G Oc{W, t)), the following morphism of C-vector spaces is 
an isomorphism 

RomoAwM^.Q) ^ Hom,^^(H.)(KZ(M),KZ(Q)), / ^ KZ(/). 
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In particular, the functor KZ is fully faithful over Proj^(M^, ()). 

(2)The canonical adjunction map gives an isomorphism Q ^ S'oKZ(Q). 

See IGGORl Theorems 5.3, 5.16]. 

1.6. Parabolic restriction and induction for rational DAHA's. From now 
on we will always assume that t)^ ^ 1. Recall from Section [L^ that W' C is 
the stabilizer of a point 6 S f) and that f) = f)/')'^ • Let us recall from BE the 
definition of the parabolic restriction and induction functors 

Resfc : Oc(M^,fl) ^ Oc'{W',i^) , Ind^ : Oc'iW',}^) ^ Oc{W,l)). 
First we need some notation. For any point p G f) we write C[[f)]]p for the completion 
of C[f)] at p, and we write C[f)]p for the completion of C[[)] at the VF-orbit of p in 
[). Note that we have C[[[)]]o = C[^]o. For any C[f)]-module M let 

The completions Hc{W, [)){,, Hc'{W' , [})o are well defined algebras. We denote by 
OciyV, f))b the category of Hc{W, ())h-modules that are finitely generated over C[f)]j,, 
and we denote by Oc'iW' , l})o the category of Hc'{W', l})o-modules that are finitely 
generated over C[()]q. Let P — Funw {W, Hc{W' , [})o) be the set of W^'-invariant 
maps from W to HciW',\))Q. Let Z{W,W',HciW',i})o) be the ring of endomor- 
phisms of the right HdW' , f))o-modulc P. Wc have the following proposition given 
by [BH Theorem 3.2]. 

Proposition 1.5. There is an isomorphism of algebras 

e : HciW,\))b Z{W,W',H,\W',\))q) 
defined as follows: for f<EP,a£\)*,aE\),u£ W , 
{Q{u)f){w) = fiwu), 
{e{xa)f){w) = ix^^i+a{w-'b))f{w), 

where x„ G 1]* C H,{W, t)), xl^^ G ^ C H,,{W', f)), j/a e f) C H^iW, ()), yi'^ G C 

Using e we will identify H^W, f))6-modules with Z{W, W, Hc'{W', [))o)-modules. 
So the module P = FnnwiW, HdW ,l))o) becomes an {HdW,l))b, He' (W' ,t))o)- 
bimodule. Hence for any TV G Oc'{W' ,i))o the module P '^q ,{W' i))o ^ lives in 

Oc{W,t))b- It is naturally identified with Funw'iW^), the set of ly'-invariant 
maps from W to N. For any C[()*]-module M write E{M) C M for the locally 
nilpotent part of AI under the action of f). 

The ingredients for defining the functors Res^ and Indh consist of: 

• the adjoint pair of functors {^b^E^) with 

^b ■■ OdW, \)) dciW, M ^ Mb, 

■.6dW,l^)b^OciW,l)), N^E{N), 

• the Morita equivalence 

J : dc'iW, [))o ^ ddW, t))b, N ^ Funw'(W,N), 
and its quasi-inverse R given in Section 11.71 below, 
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• the equivalence of categories 

E:dc'iW',i))o^Oc'iW',l)), M^E{M) 

and its quasi- inverse given by iV i— TVq, 

• the equivalence of categories 

C,:Oc'{W',k))^Oc'{W',k)), Af {u e M : yt; = 0, for all 2/ e f)^'} (1.10) 
and its quasi-inverse C,~^ given in Section [1.81 below. 
For M e Oc{W, f)) and N e Oc'{W' ,\)) the functors Resb and Indh are defined by 

Res6(M) = C°£^o-R(Afb), (1.11) 
lndb{N)=E^ oJ{f^)^). 
We refer to [BEl Section 2,3] for details. 

1.7. The idempotent Xpr and the functor R. We give some details on the 
isomorphism Q for a future use. Fix elements 1 = wi,M2, . . . , u,- in W such that 
W = Ui^^i^'^i- Let Matr(/fc'(W^', t})o) be the algebra of r x r matrices with 
coefficients in Hc'{W' , f))o. We have an algebra isomorphism 

<S?:ZiW,W',H,,iW',l))o) ^ MsitriHc'{W',l))o), (1.12) 

A ^ (5'(^)u)Kij^r 

such that 

r 

{Af){u,) = for all / e P, 1 5; ^ < r. 

Denote by ii^ij, 1 ^ i,j ^ r, the elementary matrix in Ma.tr{Hc'{W' ,i))o) with 
coefficient 1 in the position and zero elsewhere. Note that the algebra isomor- 
phism 

$06: HciW, \))b Matr{H,,{W', ())o) 
restricts to an isomorphism of subalgebras 

r 

mt'^^^mhEu. (1.13) 

1=1 

Indeed, there is an unique isomorphism of algebras 

r 

1=1 

extending the algebra homomorphism 

C[f)] ^0C[()], x^{x,x,...,x), VxGf)*. 
1=1 

For each i consider the isomorphism of algebras 

0. : C[[f)]]„-i6 ^ C[[f)]]o, x^u,x + x{ur^b), Vxer- 

The isomorphism (|1.13[) is exactly the composition of w with the direct sum (Bl^i4>i- 
Here Eu is the image of the idempotent in C[()]^ corresponding to the component 
C[[()]]^-i{,. We will denote by Xp,- the idempotent in C[[)]{, corresponding to C[[[)]]b, 
i.e., $ o 8(a::pi) = Eu. Then the following functor 

R:dc{W,l^)b^dc'iW',t))o, M^Xp.M 



CRYSTALS AND DAHA 



9 



is a quasi-inverse of J. Here, the action of Hc'{W' , t))o on R{M) = x^^M is given 
by the following formulas deduced from Proposition [TT5] For any a G (}*, w G W , 
a G i)* , m G M we have 

x'^^^Xprim) = Xpr{{xa - a{b))m), (1-15) 
wxp^{m) — Xpr{wm), (1-16) 

yWxp.M = xp,((y,+ J2 T^^)m). (1.17) 
In particular, we have 

R{M) ^ ^l{xp,{M)) (1.18) 
as C[[f)]]o X VF'-modules. Finally, note that the following equality holds in HdW, i))b 

a;prua;pr = 0, VueW-W. (1.19) 

1.8. A quasi- inverse of Let us recall from jBEl Section 2.3] the following facts. 
Let f)*^ be the subspace of f)* consisting of fixed points of W . Set 

((,*W'y ^{ve\): f{v) = for all / G h*^'}. 

We have a ly'-invariant decomposition 

The ly'-space (f)*^ )-'- is canonically identified with [). Since the action of W on 
t)^ is trivial, we have an obvious algebra isomorphism 

H,,{W\l))^Hc'iW','ij)®V{i)^'). (1.20) 

It maps an element y in the subset f)^ of He' {W , f)) to the operator dy in I?(f)^ ). 
Write 0(1,()'^ ) for the category of finitely generated I?(f)'^ )-modules that are 
9y-locally nilpotent for all y £ f)^ . The algebra isomorphism above yields an 
equivalence of categories 

0,,{W', f)) - Oc'{W',ii) ® 0(1, f)^'). 

The functor ^ in (|1.10p is an equivalence, because it is induced by the functor 

C(l, t)^') ^ C-mod, M ^ {m e M,dy{m) = for aU y e t)^'}, 

which is an equivalence by Kashiwara's lemma upon taking Fourier transforms. In 
particular, a quasi-inverse of C is given by 

■.0,,{W\Ji)^Oc'iW\t)), N^N(g,C[l)^'], (1.21) 

where C[[}^ ] G 0(1, f)^ ) is the polynomial representation of T>{i)^ ). 

Moreover, the functor ^ maps a standard module in Oc'{W',t)) to a standard 
module in Oc'{W ,[)). Indeed, for any ^ G Irr(iy), we have an isomorphism of 
i/c'(M^',t))-modules 

On the right hand side C denotes the trivial module of C[(fi^ )*], and the latter is 
identified with the subalgebra of I?(t)'^ ) generated by dy for all y £ t}^ . We have 

I?(fl^')®c[(.,-').]C = C[f)^'] 

as I'(f)^ )-modules. So C maps the standard module A(^) for Hc'{W',l)) to the 
standard module A(^) for Hc'iW',})). 
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1.9. Here are some properties of Resh and Indf,. 

Proposition 1.6. (1) Both functors ReSf, and Indf, are exact. The functor 
ReSb is left adjoint to Indb. In particular the functor ReSf, preserves pro- 
jective objects and Indf, preserves injective objects. 
(2) Let Res^, and Ind^/ be respectively the restriction and induction functors 
of groups. We have the following commutative diagram 



Indb 



Rcsb Ind.- 



KiOc'iW\t)))^^K{CW'). 

Here the isomorphism lo (resp. uj' ) is given by mapping [A(^)] to [^] for 
any i € Irr(M^) (resp. ^ G Itt{W')). 

See Proposition 3.9, Tlieorem 3.10] for (1), [BE, Proposition 3.14] for (2). 

1.10. Restriction of modules having a standard filtration. In the rest of Sec- 
tion 1, we study the actions of the restriction functors on modules having a standard 
filtration in Oc{W, f)) (Proposition 1 1.9p . We will need the following lemmas. 

Lemma 1.7. Let M be a module in 0^{W, f)). 

(1) There is a finite dimensional subspace V of M .such that V is stable under 
the action of CW and the map 

C[t}](g)V^M, p®v^pv 

is an isomorphism o/C[f)] xi W -modules. 

(2) The map uj : L<{Oc{W, ())) K{CW) in Proposition\r^2) satisfies 

^{[M]) = [V]. (1.22) 

Proof. Let 

= Afo C Afi C . . . C A/f = M 

be a filtration of M such that for any 1 ^ i ^ Z we have Mi/Mi-i = A(^i) for 
some € Irr(VF). We prove (1) and (2) by recurrence on I. li I = 1, then Af is a 
standard module. Both (1) and (2) hold by definition. For Z > 1, by induction we 
may suppose that there is a subspace V of A^f_i such that the properties in (1) 
and (2) are satisfied for A'/f_i and V . Now, consider the exact sequence 

Mi-i Ai^i) 

From the isomorphism of C[t)] xi VK-modules A(^f) = C[f)] (g)^ we see that A(^;) is a 
projective C[f)] xi W^-module. Hence there exists a morphism of C[f)] xi VF-modules 
s : A(^i) — >■ A/ that provides a section of j. Let V = V ® s{£,i) C M . It is stable 
under the action of CW. The map C[f)] (g) F — Af in (1) is an injective morphism 
of C[f)] X VF-modules. Its image is Aff^i ® s(A(^)), which is equal to M. So it is 
an isomorphism. We have 

^([Af])=c.([A//f_i])+c.([Ate)]), 

by assumption a;([A/f_i]) = [V], so uj{[M]) = [V] + [Cf] = [V]. □ 

Lemma 1.8. (1) Let AI be a Hc{W,i))o -module free over C[[i)]]o . If there exist gen- 
eralized eigenvectors ui, . . . w„ of eu which form a basis of M over C[[\)]]o, then for 
/i, . . . , /„ e C[[f)]]o the element m = X^Li fi'"i eu-finite if and only z/ /i, . . . , /„ 
all belong to C[f)]. 
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(2) Let N be an object in Oc{W, f)). // iVo is a free C[[i)]]o -module, then N is a 
free C[t)]-module. It admits a basis consisting of generalized eigenvectors wi, . . . ,w„ 
o/eu. 

Proof. (1) It follows from the proof of fBEJ Theorem 2.3]. 

(2) Since N belongs to Oc{W, ()), it is finitely generated over C[[)]. Denote by m 
the maximal ideal of C[[f}]]o. The canonical map N — > No/mNo is surjective. So 
there exist ui, . . . , u„ in such that their images form a basis of No/mNo over C. 
Moreover, we may choose vi, . . . , Vn to be generalized eigenvectors of eu, because 
the eu-action on N is locally finite. Since A'o is free over C[[f)]]o, Nakayama's lemma 
yields that vi,. .. , w„ form a basis of A^'o over C[[f)]]o- By part (1) the set N' of 
eu-finite elements in No is the free C[()]-submodule generated by wi, . . . , w„. On the 
other hand, since A'o belongs to Oc{W, f))o, by |BE[ Proposition 2.4] an element in 
No is [)-nilpotent if and only if it is eu-finite. So N' = E{No). On the other hand, 
the canonical inclusion N C E{No) is an equality by [BEl Theorem 3.2]. Hence 
N = N'. This implies that N is free over C[()], with a basis given by vi,. . . ,Vn, 
which are generalized eigenvectors of eu. □ 

Proposition 1.9. Let M be an object in 0^{W, f)). 

(1) The object ReSb(Af) has a standard filtration. 

(2) Let V be a subspace of M that has the properties of Lemma \l.7^ 1 ). Then 
there is an isomorphism o/C[f)] x W' -modules 

ReSb(Af) ^ C[F] Res'^,{V). 

Proof. (1) By the end of Section 11.81 the equivalence ( maps a standard module 
in Oc'iW'jt]) to a standard one in Oc'{W',t)). Hence to prove that ReSh(M) = 
( o E o R{Mb) has a standard filtration, it is enough to show that N — E o R{Mi,) 
has one. We claim that the module N is free over C[[}]. So the result follows from 
Lemma ll.ir 2'). 

Let us prove the claim. Recall from (jl.lSp that we have R{Mb) = (f)\{x-p^Mi,) as 
C[[f)]]o X Vt^'-modules. Using the isomorphism of C[()] xi VF-modules M = C[[)] ig) V 
given in Lemma [1771 1). we deduce an isomorphism of C[[[)]]o x Ty'-modules 

^ cm]o®v. 

So the module R{Mi,) is free over C[[f)]]o. The completion of the module iV at is 
isomorphic to R{Mi,). By Lemma [1781 2]) the module N is free over C[f)]. The claim 
is proved. 

(2) Since ReSf,(il/) has a standard filtration, by Lemma [1.71 there exists a finite 
dimensional vector space V C ReSb(il/) such that V' is stable under the action of 
CW and we have an isomorphism of C[()] x M^'-modules 

ReSfc(M) = C[^] «) v. 

Moreover, we have w'([ReSb(M)]) — [V'] where w' is the map in Proposition ll.6f 2'). 
The same proposition yields that ResJ^/ (cij[M]) = w'([ReSb(Af)]). Since io{[M]) = 
[V] by (f02| . the_CW^'-module V is isomorphic to Res^,{V). So we have an 
isomorphism of C[(}] xi ly'-modules 

Resb(Af) ^C[tj](g> Res!^,(V^). 



□ 
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2. KZ COMMUTES WITH RESTRICTION FUNCTORS 

In this section, we relate the restriction and induction functors for rational 
DAHA's to the corresponding functors for Hecke algebras via the functor KZ. We 
will always assume that the Hecke algebras have the same dimension as the cor- 
responding group algebras. Thus the Knizhnik-Zamolodchikov functors admit the 
properties recalled in Section [L5] 

2.1. Let be a complex reflection group acting on (). Let 6 be a point in f) and let 
W be its stabilizer in W. We wih abbreviate KZ = KZ(VK, 1)), KZ' = KZ(W,^). 

Theorem 2.1. There is an isomorphism of functors 

KZ'oResf, ^ ■^''ResJ^, oKZ. 

Proof We win regard KZ : OciW,i)) .^q{W)-WLoA as a functor from Oc{W,i]) 
to Bw -mod in the obvious way. Similarly we will regard KZ' as a functor to 
Bw' -mod. Recall the inclusion i : Bw' ^ Bw from p.6p . The theorem amounts 
to prove that for any M e Oc{W, [}) there is a natural isomorphism of Bvk' -modules 

KZ'oReSh(M) =«*oKZ(A'f). (2.1) 

Step 1. RecaU the functor C : C'c'(W^',f)) -> Oc'{W' from (fTTIl and its 
quasi-inverse C,^^ in (ll.2ip . Let 

7V = r'(Resfc(M)). 

We have A'' = ReSb(M) (g) C[f)^ ]. Since the canonical epimorphism f) f) induces 
a fibration f^J.^^ — ^reg^ see Section [TT^ we have 

N^, =SReSfc(MV (g)C[l)^']. (2.2) 

By Dunkl isomorphisms, the left hand side is a I'(f)reg) ^ VT'-module while the 
right hand side is a iV{^^^g) x W) ® 'D{i)^ )-module. Identiiy these two algebras 
in the obvious way. The isomorphism (|2.2p is compatible with the H^'-equivariant 
2?-module structures. Hence we have 

iN^,J^ - (Res,(M)^^^^)^ ® C[r']^. 

Since C[f)^ = C, this yields a natural isomorphism 

4 oKZ(T^',[))(7V) = KZ'oReSb(M), 

where £ is the homomorphism defined in (jl.2p . 

Step 2. Consider the VF'-equivariant algebra isomorphism 

: C[()] C[[)], x^x + x{b)foTx£i)*. 

It induces an isomorphism cj) : C [[()]]& ^ C [[()]] q. The latter yields an algebra 
isomorphism 

To see this note first that by definition, the left hand side is C[[[)]]6[ag"^, s £ 5]. For 
s G S, s ^ W the element as is invcrtiblc in C[[f]]]fc, so we have 

C[m]b C[t)reg] = C[[[)]] , S eSHW']. 

For s £ S W we have as{h) — 0, so (?!)(as) = ag. Hence 

<^(C[[f)]]fc)[0(«,)-\,se5niy'] = C[[f}]]oK\sG5niy'] 

= c[[i)]]o0cwC[f);j. 
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Step 3. We will assume in Steps 3, 4, 5 that M is a module in 0^{W, (]). In this 
step we prove that N is isomorphic to ip*{M) as C[(]] xi M^'-modules. Let be a 
subspace of Af as in Lemma fTTTT l'). So we have an isomorphism of C[[)] xi VF-modules 

M ^ C[l)] (g) V. (2.3) 
Also, by Proposition II. 9r 2) there is an isomorphism of C[l)] >^ VF'-modules 

N ^ C[f)] «)Res^,(F). 
So N is isomorphic to (f)*{M) as C[t)] x VF'-modules. 

Step 4- In this step we compare (((/)* (Af))p)i,^^^ and (iVo)[,/^^_^ as 'D{Vreg)Q~ 
modules. The definition of these I?(f)5,gg)|^-module structures will be given below in 

terms of connections. By (jl.lip we have N ^ E o R{Mb), so we have A'o = R{Mh). 
Next, by (|1.18p we have an isomorphism of C[[f)]]o x VF'-modules 

R{Mf,) = ^*{xp,{Mb)) 

So we get an isomorphism of C[[[)]]o xi VK'-modules 

# : {f{M))^ ^ No. 

Now, let us consider connections on these modules. Note that by Step 2 we have 

Write V for the connection on Mfj^^^ given by the Dunkl isomorphism for Hc{W, i)reg)- 
We equip ((0*(M))p)[,^_^^ with the connection V given by 

Va(XprTO) = Xpr(Va(m)), V m G (M(,)(,^^^, a G f). 

Let V*^^^ be the connection on -/Vti^e, gi'^^n by the Dunkl isomorphism for He' (W' , flj,gg). 
This restricts to a connection on {No)t)'^^^ . We claim that is compatible with these 
connections, i.e., we have 

V^J'\xp,m) = XprVa(m), V m e (M&)(,,,,. (2.4) 
Recall the subspace V of M from Step 3. By Lemma Tl. 7( 1*) the map 

(CMb C[f)^eg]) (E>V-^ {Mb\^^^ , p (g) W pw 

is a bijection. So it is enough to prove (12. 4p for m ^ pv with p e C[[)]^ (X)c[i)] C[f)reg], 
f G We have 

Vi^)(.p.p.) = (yi^)- 5: _^^(,_l))(,p,H 



Xpr {ya+ J 



2cs as (a) 



= a;prVa(a;prPi')- (2.5) 

Here the first equality is by the Dunkl isomorphism for Hc'{W , i)'j.eg)- The second 
is by (jl.lSp . (jl.l6p . (|1.17p and the fact that The third is by the Dunkl 
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isomorphism for Hc{W, ijreg)- The last is by p.l9p . Next, since Xpr is the idempo- 
tent in C[f)]^ corresponding to the component C[[()]]b in the decomposition (|1.14p . 
we have 

= Xpr{da{p))v + XprP (VaW) 
= Xp^Vaipv). 

Together with (|2.5p this imphes that 

'^aH^prPv) = XprVaipv). 

So is proved. 

Step 5. In this step we prove isomorphism (j2.ip for M G Of'{W,l)). Here we 
need some more notation. For X = [) or t)^gg, let U be an open analytic subvariety 
of X, write i : U ^ X for the canonical embedding. For F an analytic coherent 
sheaf on X we write i*{F) for the restriction of F to [/. If U contains 0, for an 
analytic locally free sheaf E over U, we write E for the restriction of E to the 
formal disc at 0. 

Let C [} be the open ball defined in (jl.3p . Let / : [) ^ [) be the morphism 
defined by cj). It maps to an open ball Hq centered at 0. We have 

Let u : r\ i)'j.^g ^ [) and v : ft Ci i)reg ^ f) be the canonical embeddings. By 
Step 3 there is an isomorphism of V7'-equivariant analytic locally free sheaves over 

^0 n Keg 

u*(iV"') = (M"')). 
By Step 4 there is an isomorphism 

which is compatible with their connections. It follows from Lemma 12.21 below that 
there is an isomorphism 

(u*(7v°"))^*" (/)*((t-*(iir"))^). 

Since D,Qnt)'^^g is homotopy equivalent to ij^eg via u, the left hand side is isomorphic 
to (TV^^^J^*". So we have 

o J, o KZ(M) = KZ{W', ())(iV), 

where k, j are as in (|1.4p . (|1.5p . Combined with Step 1 we have the following 
isomorphisms 

KZ'oReSh(M) ^ £^oKZ{W',t)){N) 

^* o o J, o KZ(Af) (2.6) 
= 2*oKZ(M). 

They are functorial on AI. 

Lemma 2.2. Let E be an analytic locally free sheaf over the complex manifold f)J,gg. 
Let Vi, V2 be two integrable connections on E with regular singularities. Lf there 
exists an isomorphism : {E, Vi) — > {E, V2), then the local systems E^^ and E^^ 
are isomorphic. 

Proof. Write End(ii^) for the sheaf of endomorphisms of E. Then End(i?) is a 
locally free sheaf over f}^^^. The connections Vi, V2 define a connection V on 
End(i?) as follows, 

V : End(£;) ^ End(£;), / i-^ V2 o / - / o Vi. 
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So the isomorphism ^/i is a horizontal section of (End(£'), V). Let (End(i?)^)o be 
the set of germs of horizontal sections of (End(£'), V) on zero. By the Comparison 
theorem |KK1 Theorem 6.3.1] the canonical map (End(i?)^)o — (End(i?))^ is 
bijective. Hence there exists a holomorphic isomorphism : (Ej'Vi) — > (£',V2) 
which maps to ip. Now, let U be an open ball in l)'^^^ centered at with radius 
e small enough such that the holomorphic isomorphism ijj converges in U. Write 
Ejj for the restriction of E to U. Then ^p induces an isomorphism of local systems 
(E'j/)^! = [Eu)^^ . Since f)^gg is homotopy equivalent to U, we have 

□ 

Step 6. Finally, write / for the inclusion of Projc(W, f)) into Oc{W, [)). By Lemma 
ILlf l) any projective object in Oc{W, f)) has a standard filtration, so (|2.6p yields an 
isomorphism of functors 

KZ'oRcSbo/ ^ I, o KZo/. 

Applying Lemma FOl to the exact functors KZ' o Resj, and ^^, o KZ yields that there 
is an isomorphism of functors 

KZ' o Resf, ^i^oKZ. 

□ 

2.2. We give some corollaries of Theorem 12. II 
Corollary 2.3. There is an isomorphism of functors 

KZ o Indb ^ '""colnd^, o KZ' . 
Proof. To simplify notation let us write 

Recall that the functor KZ is represented by a projective object Pkz in O. So for 
any G C we have a morphism of J^f-modules 

KZoIndb(iV) ^ Homo (Pkz, Ind6(iV)) 

^ Homo- (Rcsb (Pkz ),iV) 

^ Hom,^,(KZ'(ReSfc(PKz)),KZ'(A^)). (2.7) 

By Theorem 12. II we have 

KZ'oResb(PKz) = •^'"Resj:;;, oKZ(Pkz). 

Recall from Section [T75l that the J^-module KZ(Pkz) is isomorphic to J^. So as 
J^'-modules KZ'(Res6(PKz)) is also isomorphic to . Therefore the morphism 
(|2.7p rewrites as 

x(iV) : KZoIndf,(iV) ^ Hom^, (Jf , KZ'(7V)). (2.8) 

It yields a morphism of functors 

X : KZ o Indfe ^ ■^'"colnd!;!^, o KZ' . 

Note that if is a projective object in C, then x(A^) is an isomorphism by Propo- 
sition [T31[l). So Lemma 11.21 implies that x is an isomorphism of functors, because 
both functors KZoIndf, and ^'^coVvAy^, oKZ' are exact. □ 
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2.3. The following lemma will be useful to us. 

Lemma 2.4. Let K , L he two right exact functors from Oi to O2, where 0\ and 
O2 can he either Oc{W, f)) or Oc'{W , f)). Suppose that K , L map projective objects 
to projective ones. Then the vector space homomorphism 

Hom(i4:,L) Hom(KZ2oi\:,KZ2oL), /k^IkzJ, (2.9) 

is an isomorphism. 

Notice that if _ftr = L, this is even an isomorphism of rings. 

Proof. Let Proj^, Proj2 be respectively the subcategory of projective objects in Oi, 
02- Write K, L for the functors from Projj^ to Proj2 given by the restrictions of 
K, L, respectively. Let be the Hecke algebra corresponding to 02- Since the 
functor KZ2 is fully faithful over Proj2 by Proposition II. 4f l). the following functor 

Fct(Proji,Proj2) ^ Fct(Proji, ^2 -mod) , G KZ2 oG 

is also fully faithful. This yields an isomorphism 

}lom{K,L) ^ Hom(KZ2oi^,KZ2oi), / ^ Ikz^/- 

Next, by Lemma 11.21 the canonical morphisms 

Hom(if, L) llom{K, L), Hom(KZ2 oK, KZ2 oL) Hom(KZ2 o/?, KZ2 oL) 

are isomorphisms. So the map (|2.9p is also an isomorphism. □ 

Let b(W, W") be a point in f) whose stabilizer is W" . Let h{W' , W") be its image 
in f) = \)/\)^ via the canonical projection. Write b{W, W) = b. 

Corollary 2.5. There are isomorphisms of functors 

ReSb(w\W")°^^Sb(w,W') — ^GSb{w,w")j 
Indf,(vF,w) ° Indf,(w',w") — Indb(w,w") ■ 

Proof. Since the restriction functors map projective objects to projective ones by 
Proposition 11.6( 1). Lemma \2A\ applied to the categories Oi = Oc{W,i)), O2 = 
Oc"{W" , ) yields an isomorphism 

Hom(ReSb(vi/',w') ° ^esb{w,w'),^esb(^w,w")) 

= Hom(KZ" o ReSb^w'.W") ° R-eSb(vi/,VK')' ^Z" o Resi,{w,w"))- 

By Theorem 12. II the set on the second row is 

Hom( ^-"Res^;, o -^""Res^, o KZ, ""^Res^,, o KZ). (2.10) 

By the presentations of Hecke algebras in [BMRi Proposition 4.22], there is an 
isomorphism 

a : ^Res^;, o ^Res^, ^ -^""Res^,, . 
Hence the element ctIkz in the set (j2.10p maps to an isomorphism 

ReSi,{]Y' ,W") ° ^GSb(w,W') — R.eSb(vy,H"') • 

This proves the first isomorphism in the corollary. The second one follows from the 
uniqueness of right adjoint functor. □ 
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2.4. Biadjointness of Resf, and Indfc. Recall that a finite dimensional C-algebra 
A is symmetric if A is isomorphic to A* — Home (A, C) as (A, A)-bimodules. 

Lemma 2.6. Assume that .y/fq{W) and J^ifq>{W') are symmetric algebras. Then 
the functors "^^IndJ^/ and ^""colndj^/ are isomorphic, i.e., the functor '^Ind^, is 
biadjoint to ^'"ResJ^z . 

Proof We abbreviate = J^q{W) and Jf" = ^q'{W'). Since is free as a left 
J^'-module, for any J^'-module M the map 

Hom^/ .Jf") Af ^ Hom^/ (Jf , M) (2.11) 

given by multiplication is an isomorphism of -modules. By assumption ' is iso- 
morphic to {.J^'Y as (^',._^')-bimodules. Thus we have the following (^,^')- 
bimodule isomorphisms 

Hom^-(^,^') = Hom^/(^, (^')*) 

= Homc(^'0^' =^,C) 

= 

The last isomorphism follows from the fact the ^ is symmetric. Thus, by (|2.1ip 
the functors '^'^IndJ^/ and ■*''^coInd|^, are isomorphic. □ 

Remark 2.7. It is proved that J^q{W) is a symmetric algebra for all irreducible 
complex reflection group W except for some of the 34 exceptional groups in the 
Shephard-Todd classification. See |BMM1 Section 2A] for details. 

The biadjointness of Resh and Indb was conjectured in [BE' Remark 3.18] and 
was announced by I. Gordon and M. Martino. We give a proof in Proposition 12.91 
since it seems not yet to be available in the literature. Let us first consider the 
following lemma. 

Lemma 2.8. (1) Let A, B be noetherian algebras and T be a functor 

T : A -mod — ^ B -mod . 

// T is right exact and commutes with direct sums, then it has a right adjoint. 
(2) The functor 

ReSb:OciW,l))^Oc'iW',tj) 

has a left adjoint. 

Proof (1) Consider the (S, A)-bimodule M = T{A). We claim that the functor T 
is isomorphic to the functor M(E)a—- Indeed, by definition we have T{A) = M(^aA 
as B modules. Now, for any TV e v4-mod, since N is finitely generated and A is 
noetherian there exists m, n g N and an exact sequence 

A®" A®"" ^ TV ^ 0. 

Since both T and AI <Sia ~ are right exact and they commute with direct sums, 
the fact that T{A) = M i^aA implies that T{N) M <^a N as B-modules. This 
proved the claim. Now, the functor M (^a — has a right adjoint HomB(M, — ), so 
T also has a right adjoint. 

(2) Recall that for any complex reflection group W, a contravariant duality 
functor 

i-y ■.o,{w,t))^o,,iw,t)*) 

was defined in jGGORi Section 4.2], here : 5 — C is another parameter explicitly 
determined by c. Consider the functor 

Res^ = {-r o Res, o(-)^ : O,, {W, ()* ) ^ {W , (W)- 
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The category 0^,1(1^, (]*) has a projective generator P. The algebra Endo ^(w,t)'){P)°^ 
is finite dimensional over C and by Morita theory we have an equivalence of cate- 
gories 

at (W^, r ) = Endo^t {w,t,^)(Pr -mod . 
Since the functor Res^ is exact and obviously commutes with direct sums, by part 
(1) it has a right adjoint ^. Then it follows that (— )^ovI/o(— )^is left adjoint to 
ReSfc. The lemma is proved. □ 

Proposition 2.9. Under the assumption of Lemma \2.6\. the functor Indi, is left 
adjoint to Resfc. 

Proof Step 1. We abbreviate O = C'c(M^,f)), O' = Oc'{W' M' = JfqiW), 
Jf' — Jfq'{W'), and write Ido, Ido', Id^, Id^' for the identity functor on the 
corresponding categories. We also abbreviate E-^"^ — ^'^Res^,, F*" — '''"indj^/ 
and E = Resf,. By Lemma [2.81 the functor E has a left adjoint. We denote it by 
F :0' ->-0. Recall the functors 

KZ : O ^ -mod, KZ' : C ' -mod . 

The goal of this step is to show that there exists an isomorphism of functors 

KZ oF ^ F-""" o KZ' . 

To this end, let S*, S" be respectively the right adjoints of KZ, KZ', see Section [T75l 
We will first give an isomorphism of functors 

F''^ ^KZoFoS'. 

Let M G Jf' -mod and N e J^-mod. Consider the following equalities given by 
adjunctions 

Hom,jr(KZoi^o 5'(M),iV) = Homo(F o 5'(Af), 5(iV)) 

= }iomo'{S'iM),Eo SiN)). 

The functor KZ' yields a map 

a(M,iV) : llomo'{S'{M),Eo S{N)) Romjp,{KZ' oS'{M),KZ' oE o S{N)). 

. (^-^^^ 

Since the canonical adjunction maps KZ oS" — Id^', KZo5 — > Id^ are isomor- 
phisms (see Section 11.51) and since we have an isomorphism of functors KZ' oE = 
E'^'^ o KZ by Theorem 12. 11 we get the following equalities 

Hom^/(KZ'o5'(A/),KZ'oi;o S'(iV)) = }iom^,{M,E'"° oKZoS{N)) 

= UoiJij^, {M,E'"'{N) ) 
= Hom^(F^(Af),A^). 

In the last equality we used that F^"" is left adjoint to E-^'^ . So the map (|2.12p can 
be rewritten into the following form 

a{M,N) : Rom^{KZ oF o S'{M),N) llom^{F-^^ (M), N). 

Now, take N = J^. Recall that is isomorphic to KZ(Pkz) as J^- modules. Since 
Pkz is projective, by Proposition II. 4f 2) we have a canonical isomorphism in O 

Pkz = 5(KZ(Pkz)) = S{Ji^). 

Further E maps projectives to projectives by Proposition ILGf l). so £' o S{Jf^) is 
also projective. Hence Proposition II. 4( 1*1 implies that in this case (|2.12|) is an 
isomorphism for any M , i.e., we get an isomorphism 

a{M,,M') : Homjr(KZoi^o 5'(M), Jf") ^ Rom^^{F''° (M), 
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Further this is an isoniorphism of right ^-modules with respect to the J^^-actions 
induced by the right action of on itself. Now, the fact that is a symmetric 
algebra yields that for any finite dimensional ^-module N we have isomorphisms 
of right ^-modules 

Homjr(A^,^) ^ Hom^(7V, Homc(^, C)) 
^ Homc(iV,C). 
Therefore a(M, J^^) yields an isomorphism of right J^-modules 

Homc(KZoFo 5'(Af),C) ^ Homc(i^*'(Af), C). 
We deduce a natural isomorphism of left ^-modules 

KZoi^o 5'(Af) 9^ F-^'"(A/) 
for any J^'-module M . This gives an isomorphism of functors 

: KZoFo S" 4 i^-""". 

Finally, consider the canonical adjunction map r\ : Ido' — > 5' o KZ'. We have a 
morphism of functors 

<^ = (Ikz oFn) o (V-Ikz' ) : KZ o^^ ^ F-'^ o KZ' . 

Note that iplKZ' is an isomorphism of functors. If Q is a projective object in 
C, then by Proposition 11.4( 2) the morphism 'ri{Q) : Q — > S" o KZ'(Q) is also an 
isomorphism, so (f>{Q) is an isomorphism. This implies that is an isomorphism of 
functors by Lemma [L2l because both KZ oF and F'^'oKZ' are right exact functors. 
Here the right exactness of F follows from that it is left adjoint to E. So we get 
the desired isomorphism of functors 

KZ oF ^ F-^-" o KZ' . 

Step 2. Let us now prove that F is right adjoint to E. By uniqueness of adjoint 
functors, this will imply that F is isomorphic to Ind;,. First, by Lemma 12.61 the 
functor F^"^ is isomorphic to ■'^"colnd^,. So F'^*" is right adjoint to i?^"^, i.e., we 
have morphisms of functors 

: E-""" o F-^^ , t)'' : Id^ F'' o F^ 

such that 

Next, both F and E have exact right adjoints, given respectively by E and Indf,. 
Therefore F and E map projective objects to projective ones. Applying Lemma[H3] 
to 0\ ~ O2 = O' ^ K ~ E o F ^ L ^ Ido' yields that the following map is bijective 

Honi(£;oF,Ido') ^ Hom(KZ'oFoF,KZ'oIdo), f^lKZ'f- (2.13) 

By Theorem 12.11 and Step 1 there exist isomorphisms of functors 

(t)E ■■ E-^"" o KZ ^ KZ' oE, <j)F ■■ F-'"° o KZ' ^ KZ oF. 

Let 

(j)EF = {(I^eIf) o {Ie^^4>f) ■■ o F*" o KZ' ^ KZ' oE o F, 
<\)FE = {<i>F^E) o (Ij^-^^^b) : F'"' o F-^"" o KZ ^ KZoFo F. 

Identify 

KZ o Ido = o KZ, KZ' o Ido' — Id o KZ' . 
We have a bijective map 

Hom(KZ' oF o F, KZ' o IdoO ^ Hom(F-^'" o F^ o KZ', Id^- o KZ'), go (j)EF- 
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Together with (|2.13p . it imphes that there exists a unique niorphism e : EoF — > Ido' 
such that 

(IkZ'E) ° ^BF = £'''"1kZ'- 

Similarly, there exists a unique niorphism ?/ : Ida F o E such that 

(^fb)"^ o (Ikz?/) = ??'*'1kz- 
Now, we have the following commutative diagram 



E^^ o KZ : 



o KZ ■ 



o F-""^ o o KZ 



IeJ*" 1kz») 

£;-^ oKZoFoE 
' E-^'' o F """ oKZ' oE 



KZ'oi; 

KZ' oEoFoE 



KZ'oEoFoE 



KZ'o£;: 



KZ' oE. 



E'"^ o F-^^ o E-'"° o KZ 

o KZ ■ 
It yields that 

We deduce that 

lKZ'((el£) o = '/'B o (Ifi '-'f Ikz) o (^b)"^ 

= Ikz'Is. (2.14) 

By applying Lemma to d = O, O2 = C, = = we deduce that the 
following map is bijective 

End(£;) ^ End(KZ' oE), f ^ Ikz'/- 

Hence p.l4p implies that 

(elg) o [Iei]) = 1e- 

Similarly, we have (Ips) ° (v^f) — If- So E is left adjoint to F. By uniqueness 
of adjoint functors this implies that F is isomorphic to Ind;,. Therefore Indb is 
biadjoint to Resfc. □ 

3. Reminders on the Cyclotomic case. 

From now on we will concentrate on the cyclotomic rational DAHA's. We fix 
some notation in this section. 

3.1. Let l,n be positive integers. Write e — exp(22-^^^). Let () — C", write 
{2/1, . . . , for its standard basis. For 1 ^ i,j,k ^ n with i,j,fc distinct, let e^, 
Sij be the following elements of GL(f)): 

£k{yk)^syk, ek{yj)=yj, Sy- (y^ ) = yj > s»i ivk) = yk- 

Let Bn{l) be the subgroup of GL{i)) generated by et and Sij for 1 ^ < n and 
1 ^ i < j ^ n. It is a complex reflection group with the set of reflections 



Sy-efe^ ^ : 1 i < j n,l p I}. 



5„ = {ef : 1 z sc: n, 1 sc: p sc: ; - i}\J{s[f 

Note that there is an obvious inclusion Sn-i ^ 5„. It yields an embedding 

S„_i(0 -^S„(0. (3.1) 

This embedding identifles _B„_i(Z) with the parabolic subgroup of i?„(/) given by 
the stabilizer of the point bn = (0, . . . , 0, 1) G C". 
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The cyclotomic rational DAHA is the algebra Hc{Bn{l), f)). We will use another 
presentation in which we replace the parameter c by an /-tuple h = {h,hi, . . . , 
such that 

c,(P) c,^^ — Y,{e-PP -1)V- 

p'=i 

We will denote Hc{Bn{l),i}) by iJh,n- The corresponding category O will be 
denoted by Oh,™- In the rest of the paper, we will fix the positive integer I. We 
will also fix a positive integer e ^ 2 and an /-tuple of integers s — (si, . . . , si). We 
will always assume that the parameter h is given by the following formulas , 

h = —, /ip^fl^±l^-i l^p^l-l. (3.2) 
e e i 



The functor KZ(i3„(/),C") goes from Oh.n to the category of finite dimensional 
modules of a certain Hecke algebra J^q,n attached to the group Bn{l). Here the 
parameter is q = {q,qi, . . . ,qi) with 

q = exp(27r\/^/e), qp ^ q"" , 1 ^l. 

The algebra J^q,n has the following presentation: 

• Generators: Tq, Ti, . . . , r„_i, 

• Relations: 

(To - 9i) • • • (To - qi) = [T, + l)[T, - g) = 0, 1 ?: ^ n - 1, 
ToTiToTi = TiToTiTo, 
T{r,=T,T,, if|z-j|>l, 
T^T^+iT, = Ti+iTiTi+i, 1 i n - 2. 

The algebra J^q^n satisfies the assumption of Section [21 i.e., it has the same dimen- 
sion as CBn{l). 

3.2. For each positive integer n, the embedding p.ip of i?„(/) into i3„+i(/) yields 
an embedding of Hecke algebras 

see Section [TT^ Under the presentation above this embedding is given by 

iq_{Ti) = Ti, V s$ i < n - 1, 

see [BMR[ Proposition 2.29]. 

We will consider the following restriction and induction functors: 

E{n) = Resfc„ , E{nY' = '''"Res^-^'J^j^ , 

F{n) = Indfc„ , F{nr - '''^^^tld) ■ 



The algebra is symmetric (see Remark l2.7p . Hence by Lemma we have 

F(n)-- -coIndf;;«(,). 



We will abbreviate 

Oh,N = 0Oh,n, KZ = 0KZ(B„(O,C"), ^q,N-mod = 0^4,„-mod. 

n&i riGN nGN 

So KZ is the Knizhnik-Zamolodchikov functor from Oh.N to J^.n -mod. Let 
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So (i? '*^, F'^'") is a pair of biadjoint endo- functors of J^,n -mod, and (£', F) is a pair 
of biadjoint endo- functors of Oh.N by Proposition 12.91 

3.3. Fock spaces. Recall that an /-partition is an /-tuple A = (A\ • • • , A') with 
each A-' a partition, that is a sequence of integers (A-')i ^5 • • • ^ (A-')fc > 0. To any 
/-partition A = (A^, . . . , A') we attach the set 

Ta = {{a,h,j) e N X N X (Z//Z) : < 6 s$ (A^')J. 

Write |A| for the number of elements in this set, we say that A is an /-partition of 
|A|. For n S N we denote by Vn,i the set of /-partitions of n. For any /-partition [i 
such that contains Ta, we write /i/A for the complement of T^ in T^. Let |/J./A| 
be the number of elements in this set. To each element (a, h^j) in Ta we attach an 
element 

res((a, 6, j)) = 6 — a + G TLjeL, 

called the residue of (a, 6, j). Here Sj is the j-th component of our fixed /-tuple s. 

The Fock space with multi-charge s is the C-vector space Ts spanned by the 
/-partitions, i.e., 

•^s-e e CA. 

It admits an integrable slg-module structure with the Chevalley generators acting 
as follows (cf. [JMMO]): for any i e Z/eZ, 

e.(A)= E (3.3) 

I A/ — l,rcs(A/ A| — l,rcs(/^/ A)— i 

For each n ^ "L set A„ = A„, where n is the image of n in Z/eZ and A„ is the 
corresponding fundamental weight of slg. Set 

As = As^ + ■ ■ ■ + As^. 

Each /-partition A is a weight vector of J-g with weight 

wt(A) = As - ^ n,a^, (3.4) 

where rii is the number of elements in the set {(a, 6,j) € Ta : res((a, 6,j)) — i\. 
We will call wt(A) the weight of A. 

In |R1[ Section 6.1.1] an explicit bijection was given between the sets Irr(i?„(/)) 
and Vn,i- Using this bijection we identify these two sets and index the standard 
and simple modules in Oh.N by /-partitions. In particular, we have an isomorphism 
of C-vector spaces 



e : if (Oh,N) ^ ^s, [A(A)] ^ A. 



(3.5) 
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3.4. We end this section by the following lemma. Recall that the functor KZ gives 
a map K{Oh,n) — > K{Jffq^n). For any Z-partition A of n let S\ be the corresponding 
Specht module in .7^_„-mod, see |A2[ Definition 13.22] for its definition. 

Lemma 3.1. In K{Jf^^n), we have KZ([A(A)]) = [^a]. 

Proof. Let R be any commutative ring over C. For any ^-tuplet z, — (z, zi, . . . , zi-i) 
of elements in R one defines the rational DAHA over R attached to Bn{l) with pa- 
rameter z in the same way as before. Denote it by Hn^z.n- The standard modules 
Afl(A) are also defined as before. For any {I + l)-tuplet u = {u,ui, . . . ,ui) of 
invertible elements in R the Hecke algebra JifR^u,n over R attached to Bn{l) with 
parameter u is defined by the same presentation as in Section IXTl The Specht mod- 
ules S'fi.A are also well-defined (see [A2I). If i? is a field, we will write Irr(.^fR.u.n) 
for the set of isomorphism classes of simple j3^.u,n-niodules. 

Now, fix R to be the ring of holomorphic functions of one variable m. We choose 
z = (z, zi, . . . , to be given by 

z — luj, Zp = (sp+1 — Sp)lzu + e-cu, I ^ p ^ I — 1. 

Write X = exp(— 27r'v/— Itu). Let u = (u, mi, . . . , ui) be given by 

u^x\ Up = eP"la:""'"(P"l)^ Is^ps^l. 

By [BMR[ Theorem 4.12] the same definition as in Section [T3] yields a well defined 
>^^,u,n-inodule 

Tfl(A) = KZk(A^(A)). 
It is a free i?-module of finite rank and it commutes with the base change functor 
by the existence and unicity theorem for linear differential equations, i.e., for any 
ring homomorphism i? — ^ i?' over C, we have a canonical isomorphism of J^R'.u.n- 
modules 

Tr, (A) = KZr, (Ar, (A)) = TRiX) ®R R\ (3.6) 
In particular, for any ring homomorphism a : i? — > C. Write Ca for the vector 
space C equipped with the i?-module structure given by a. Let a(z), a(u) de- 
note the images of z, u by a. Note that we have i?a(z).n = HR,y,^n ^r Ca and 
'^a{u}.n = '^R.u.n Cq. Dcnotc the Knizhuik-Zamolodchikov functor of Ha[z.),n 
by KZq(z) and the standard module corresponding to A by Aa[z)W- Then we have 
an isomorphism of .^(u),n-inodules 

Tr{X) (»flCa = KZ,(,)(A,(,)(A)). 

Let K be the fraction field of R. By jGGORl Theorem 2.19] the category OK,z,n 
is split semisimple. In particular, the standard modules are simple. We have 

The Hecke algebra JifK,u,n is also split semisimple and we have 

see for example IA2I, Corollary 13.9]. Thus there is a bijection (p : Vn.i 'Pn,i 
such that Tk{X) is isomorphic to Sx,ip{\) for all A. We claim that is identity. 
To see this, consider the algebra homomorphism ao : i? — >■ C given by n7 i— > 0. 
Then ^ao{vL),n is canonically isomorphic to the group algebra <CBn{l), thus it is 
semi-simple. Let K be the algebraic closure of K. Let R be the integral closure of 
R in K and fix an extension ao of ao to R. By Tit's deformation theorem (see for 
example |CuRI Section 68A]), there is a bijection 

^ : Irr(^7f,u,n) ^ Irr(^ao(u),n) 

such that 

^(%(A)) ^ %(A) ®^C^„, V(%,a) = ^K,A ®« C^o- 
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By the definition of Speclit modules we liave Sj^ ^ '8)-^Cao = A as Ci3„(^)-niodules. 
On tlie other hand, since ao(z) — 0, by (j3.6l) we have the following isomorphisms 

- KZo(Ao(A)) 
= A. 

So ^{Tj^{\)) = ^/'(%a)- Hence we have %(A) = % Since %(A) = Tk(A) Ok 
if is isomorphic to Sj^ ^^^^-^ = SK.tp(X) ®k K, we deduce that ip{X) = A. The claim 
is proved. 

Finally, let m be the maximal ideal of R consisting of the functions vanishing at 
vu = —1/el. Let R be the completion of R at m. It is a discrete valuation ring with 
residue field C. Let ai : i? — > R/mR = C be the quotient map. We have ai(z) = h 
and ai(u) = q. Let K be the fraction field of R. Recall that the decomposition 
map is given by 

d : K{Ji^^^^ J ^ if (JTq ,„), [M] ^ [L ®^ C„J. 

Here L is any free i?-submodule of M such that L (g)^ K = M. The choice of L 
does not affect the class [L CaJ in K{J^q^n)- See [A2[ Section 13.3] for details 
on this map. Now, observe that we have 

d{[T^{\)]) = [T^(A) ®^C„J = [KZ(A(A))]. 

Since K is an extension of K, by the last paragraph we have [Sj^ ^] = [rg(A)]. We 
deduce that [KZ(A(A))] = [Sx]. ' □ 

4. ^-Restriction and z-Induction 

We define in this section the i-restriction and i-induction functors for the cyclo- 
tomic rational DAHA's. This is done in parallel with the Hecke algebra case. 

4.1. Let us recall the definition of the z-restriction and z-induction functors for 
J^q^n- First define the Jucy-Murphy elements Jq, . . . , Jn-i in ^^,n by 

Jo = To, Ji = q^^TiJi^iTi for 1 < z ^ n - 1. 

Write Z{J^q^n) for the center of J^q^n- For any symmetric polynomial cr of n 
variables the element a{Jo, . . . , Jn-i) belongs to Z{Jifq,n) (cf. |A2[ Section 13.1]). 
In particular, if z is a formal variable the polynomial Cn{z) = YliZo ~ Ji) 
J^q^n[z] has coefficients in Z{J^fq^n)- 

Now, for any a{z) G C(z) let Pn,a{z) be the exact endo-functor of the category 
J^_„-mod that maps an object M to the generalized eigenspace of Cn{z) in M 
with the eigenvalue a{z). 

For any i € Z/eZ the z-restriction functor and z-induction functor 

Ei{nY'^ : ,^q^n -mod — >■ ^,„_i -mod, Fi{n)^'^ : ^,„-i -mod — > -mod 
are defined as follows (cf. IA2| Definition 13.33]): 

a{z)eC(z) 

We will write 
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They are endo-functors of J^q,N- For each A G Vn,i set 

We recah some properties of these functors in the fohowing proposition. 

Proposition 4.1. (1) The functors Ei{nY^ , FiinY^ are exact. The functor Ei{n)-^'^ 
is biadjoint to Fi(ri)'^'^ . 

(2) For any A g Vn,i the element Cn{z) has a unique eigenvalue on the Specht 
module S\. It is equal to a\{z). 

(3) We have 

rGs(A//i)— 2 res(/^/A)— i 

(4) We have 

iel/eZ ieZ/eZ 

Proo/. Part (1) is obvious. See [Ml Theorem 13.21(2)] for (2) and Lemma 
13.37] for (3). Part (4) follows from (3) and [Ml Lemma 13.32]. □ 

4.2. By Lemma ri.3f l') we have an algebra isomorphism 

7 : Z(Oh.„) ^ ^(^^q,„)- 
So there are unique elements Ki, . . . , Kn G Z(Oh.n) such that the polynomial 

maps to Cn{z) by 7. Since the elements Ki, . . . , Kn act on simple modules by 
scalars and the category Oh,n is artinian, every module M in Oh,n is a direct sum 
of generalized eigenspaces of Dn{z). For a(z) G C(z) let Qn.a(z) be the exact endo- 
functor of Oh.n which maps an object M to the generalized eigenspace of Dn{z) in 
M with the eigenvalue a{z). 

Definition 4.2. The i-restriction functor and the i-induction functor 
E^{n) : Oh.n Oh,„-i, F,{n) : Oh.n-i ^ Oh,n 

are given by 

Ei{n) = Q„-l,a(^)/(z-9') o E{n) O Q^^aiz), 
a{z)eC(z} 

= Qn,a{z){z~q') ° F{n) O Q„^i,a(z)- 
a(z)eC{z) 

We will write 

E, = ^E,{n), i^; = 0F,(n). (4.1) 

n^l ra^l 

We have the following proposition. 
Proposition 4.3. For any i G Z/eZ </iere are isomorphisms of functors 

KZoEi{n) ^ Ef{n}oKZ, KZoF,{n) = Ff{n) oKZ. 
Proof. Since 7(Z3„(z)) = C„(z), by Lemma [1751 2) for any a{z) G C(z) we have 

KZoQ„ ,,(2) =S P„,q(^) o KZ . 
So the proposition follows from Theorem 12. II and Corollarv l2.3l □ 
The next proposition is the DAHA version of Proposition 23] 
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Proposition 4.4. (1) The functors Ei{n), Fi[n) are exact. The functor Ei{n) is 
biadjoint to Fi{n). 

(2) For any A G Vn,i the unique eigenvalue of Dn{z) on the standard module 
A(A) is a\{z). 

(3) We have the following equalities 

E,{n)mX)])= E [^(m)]' F,{n)mX)])= ^ [^(/^)]- (4-2) 

rcs(A/ fJ')—i Ycs{p/ 

(4) We have 

E{n)= E,{n), F{n) ^ F,(n). 

Proof. (1) This is by construction and by Proposition 12.91 

(2) Since a standard module is indecomposable, the element Dn{z) has a unique 
eigenvalue on A (A). By Lemma [5TT] this eigenvalue is the same as the eigenvalue of 
C„(z) on Sx. 

(3) Let us prove the equality for Ei{n). The Picri rule for the group Bn{l) 
together with Proposition II .6f 2) yields 

E{n)m\)])^ E [^(^)]' nn)mm= E [^(^)]- (4.3) 

|A/m| = 1 Im/a| = i 

So we have 

i?,(n)([A(A)]) = g„-i,a(.)/(.-,>)(i?W(Q„,a(.)([A(A)]))) 

= Q7i-l.ax{z)/{z~ ([A(A)]))) 
= Qn-l.a,(z)/(z-,^){E{n)m\)])) 

= Qn-l.ax(z)/(z-q^){ E [^(/^)]) 

= E [^(^)]- 

rcs( A/ /i)— 2 

The last equality follows from the fact that for any /-partition ^jl such that |A//i| — 1 
we have aA(z) = a^{z){z — The proof for Fi{n) is similar. 

(4) It follows from part (3) and (031). □ 



Corollary 4.5. Under the isomorphism 6 in S3. 5]) the operators Ei and Fi on 
K{Oh,N) go respectively to the operators Ci and fi on Fg. When i runs over Z/eZ 
they yield an action o/slg on K(Oh,N) such that 9 is an isomorphism of sle -modules. 

Proof. This is clear from Proposition 14. 4f 3) and from (13.31) . □ 

5. Sle-CATEGORIFICATION 

In this section, we construct an sle-categorification on the category Oh,N under 
some mild assumption on the parameter h fTheorem lS.ip . 

5.1. Recall that we put q = exp{^^^-^^^) and P denotes the weight lattice. Let 
C be a C-linear artinian abelian category. For any functor F : C C and any 
X E End(F), the generalized eigenspace of X acting on F with eigenvalue a E C will 
be called the a-eigenspace of X in F. By |R2[ Definition 5.29] an sle-categorification 
on C is the data of 

(a) an adjoint pair ([/, V) of exact functors C — > C, 

(b) X e End(C/) and T e End(C/2), 
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(c) a decomposition C = 0^gp Cr. 

such that, set Ui (resp. Vi) to be the g*-eigenspace oi X in U (resp. in vj^ for 
i G Z/eZ, we have 

(1) U = ©ieZ/eZ 

(2) the endomorphisms X and T satisfy 

(luT) o (Tlu) o (Ic/T) - (Tic;) o (luT) o (Tla), 

(T + ly2)o(T-9lt,2)=0, (5.1) 
To{luX)oT = qXlu, 

(3) the action of ~ Ui, fi ~ Vi on K{C) with i running over Z/eZ gives an 
integrable representation of slg. 

(4) C/,(C,) C C,+a, and V{Cr) C C^,, 

(5) y is isomorphic to a left adjoint of U. 

5.2. We construct a slg-categorification on Oh.N in the following way. The adjoint 
pair will be given by {E,F). To construct the part (b) of the data we need to 
go back to Hecke algebras. Following [CR', Section 7.2.2] let X^'° be the endomor- 
phism of i?^"" given on E'^'°(n) as the multiplication by the Jucy- Murphy element 
Jn-i- Let T'^'^ be the endomorphism of [E'^^'Y given on E'^^' {n) o E'^^' {n — 1) as 
the multiplication by the element T„_i in M'a^^n- The endomorphisms and 
satisfy the relations (|5.ip . Moreover the g*-eigenspace of X^"^ in E-^ and F-^ gives 
respectively the i-restriction functor Ef and the i-induction functor F^^ for any 
i e Z/eZ. 

By Theorem 12.11 we have an isomorphism KZ oE = E'^'° o KZ. This yields an 
isomorphism 

End(KZ oE) ^ End(£:-''' o KZ). 

By Proposition II. 9r i) the functor E maps projective objects to projective ones, so 
Lemma 12.41 applied to 01 = 02 = Oh,N and K = L = E yields an isomorphism 

End(£;) = End(KZo£;). 

Composing it with the isomorphism above gives a ring isomorphism 

as : End(£;) ^ End(£;-*''" o KZ). (5.2) 

Replacing E by E^ we get another isomorphism 

(7^2 : End(£;2) ^ End((£;'^'")2 o KZ). 

The data of X e End(£^) and T e End(i?'^) in our slg-categorification on Oh,N will 
be provided by 

X = a^i(X-lKz), T ^ a-i(T"lKz). 
Finally, the part (c) of the data will be given by the block decomposition of the 
category Oh,N- Recall from |LM1 Theorem 2.11] that the block decomposition of 
the category J^^^fq -mod yields 

J^_N-mod = ^(^^N-mod)^, 

where {J^q^jq -mod)r is the subcategory generated by the composition factors of 
the Specht modules S\ with A running over /-partitions of weight r. By convention 
(.J^ N -mod),- is zero if such A does not exist. By Lemma [1.3l the functor KZ induces 



"'^Here X acts on V via the isomorphism End(C/) = End(V')°'' given by adjunction, see |CRI 
Section 4.1.2] for the precise definition. 
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a bijection between the blocks of the category Oh.N and the blocks of J^q,N -mod. 
So the block decomposition of Oh.N is 

Oh,N = 0(Oh,N)r, 

where (C'h.N)r is the block corresponding to (.^.N-mod)^ via KZ. 

5.3. Now we prove the following theorem. 

Theorem 5.1. The data of 

(a) the adjoint pair {E,F), 

(b) the endomorphisms X e End(_E), T G End(_E^), 

(c) the decomposition Oh,m = ®7-ep(^h,N)r 

is a sle -categorification on Oh.N- 

Proof. First, we prove that for any i e Z/eZ the ^^-generalized eigenspaces of X in 
E and F are respectively the i-restriction functor Ei and the i-induction functor 
Fi as defined in (|4.1|) . 

Recall from Proposition 14. 1 f 4) and Proposition 14. 4f 4) that we have 

E= ^ E, and i?- = Ef. 

ieZ/eZ ieZ/eZ 

By the proof of Proposition 14.31 we see that any isomorphism 

KZ oE ^ E '''' o KZ 

restricts to an isomorphism KZoEi ^ Ef o KZ for each i £ Z/eZ. So the isomor- 
phism as in (23) maps }ioui{E,,Ej) to llom{Ef o KZ, Ef o KZ). Write 

X — ^ Xij, X^'^Ikz ~ ^ iX^^'^lKz)ij 

with X,j e Uom{E„Ef and (X^'"lKz)«i e Hom(£;f o KZ, Ef o KZ). We have 

aEiXij) = {X'^'^lKz)ij- 

Since Ef is the g*-eigenspace of X^'^ in i?-^"^, we have (X '*'lKz)ij = for iff 
and {X'^'^l}^z)ii — <f is nilpotent for any z £ 'L/e'L. Since ctb is an isomorphism of 
rings, this implies that Xij — and Xu — is nilpotent in End(i?). So Ei is the 
q'*-eigenspace of X in E. The fact that Fi is the g*-eigenspace of X in F follows 
from adjunction. 

Now, let us check the conditions (l)-(5): 

(1) It is given by Proposition 14.4( 4). 

(2) Since X^'° and T^^ satisfy relations in (|5.ip . the endomorphisms X and T 
also satisfy them. Because these relations are preserved by ring homomorphisms. 

(3) It follows from Corollarv l4.5l 

(4) By the definition of (Oh.N)T and Lemma lXTl the standard modules in (C'h.N)T 
are all the A (A) such that wt(A) = r. By (j3.4p if /i is an /-partition such that 
res(A//i) = i then wt(/i) = wt(A) -I- ai. Now, the result follows from (j4.2p . 

(5) This is Proposition EH □ 

6. Crystals 

Using the slg-categorification in Theorem 15.11 we construct a crystal on Oh.N and 
prove that it coincides with the crystal of the Fock space Fs (Theorem 16. 3p . 
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6.1. A crystal (or more precisely, an sle-crystal) is a set B together with maps 
wt:B^P, ej,/i : S ^ SU {0}, e„ ipi : B ^ ZU {-oo}, 

such that 

. ^,(6) = e,(6) + (ar,wt(&)), 

• if e-ib £ B, then wt(ei&) = wt(&) + ai, ei{eib) - 

• if fib e B, then wt{fib) = wt(6) - at, ei{fib) -- 
ViiP) - 1, 

• let 6, b' E B, then fib ~ b' if and only if Cib' = b, 

• if (pi{b) = — oo, then Cib — and fib — 0. 

Let V be an integrable stg-module. For any nonzero v € 

set 

k{v) = ma.x{l e N : e',w 7^ 0}. 
Write Zi(0) = -00. For Z ^ let 

V<' = {veV: k{v) < I}. 

A weight basis of F is a basis B oiV such that each element of i? is a weight vector. 
Following A. Berenstein and D. Kazlidan (cf. |BK1 Definition 5.30]), a perfect basis 
of y is a weight basis B together with maps ei,fi : B — >■ B U {0} for i e Z/eZ such 
that 

• for b,b' E B we have fib — b' if and only if Cib' = b, 

• we have 6^(5) 7^ if and only if 6^(6) ^ 0, 

• if Ci (6) 7^ then we have 

e,(6)GC*g,(6) + y,<'*(')-\ (6.1) 

We denote it by {B,ei,fi). For such a basis let wt(5) be the weight of b, let 
ei{b) = li{b) and let 

^,(6)-e,(6) + (ar,wt(6)) 

for all 6 e B. The data 

{B,wt,ei,fi,ei,<fi) (6.2) 

is a crystal. We will always attach this crystal structure to {B, Ci, fi). We call b E B 
a primitive element if 6^(6) = for all i E Z/eZ. Let B+ be the set of primitive 
elements in B. Let be the vector space spanned by all the primitive vectors in 
V . The following lemma is |BK1 Claim 5.32]. 

Lemma 6.1. For any perfect basis (B,ei,fi) the set B~^ is a basis ofV~^. 

Proof. By definition we have B^ C V^. Given a vector v E V'^, there exist 
Ci, . . . , Cr G C* and distinct elements 61, . . . , 6^ G B such that v = X)j=i Cj^j- For 
any i E Z/eZ let U = max{li{bj) : I ^ j ^ r} and J — {j '■ U{bj) = li, \ ^ j ^ r}. 
Then by the third property of perfect basis there exist ijj E C* for j E J and a 
vector w E y<''^i such that = ei{v) = X^jgj CjVj(^i{^j)+^- For distinct E J, 
we have bj 7^ bji , so ei{bj) and ei{bji) are different unless they are zero. Moreover, 
since li{ei{bj)) = k — 1, the equality yields that ei{bj) = for all j E J. So = 0. 
Hence bj E B^ for j = 1, . . . , r. □ 



= ei{b) - 1, (pticib) = 
-- 6,(6) + 1, ^,(/,&) = 

V and any i E Z/eZ we 
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6.2. Given an slg-categorification on a C-linear artinian abelian category C with 
the adjoint pair of endo-functors {U, V), X e End(f7) and T S End(C/^), one can 
construct a perfect basis of K{C) as follows. For i G Z/eZ let ?7i, Vi be the g'- 
eigenspaces oi X vn.U and F. By definition, the action of X restricts to each Ui. 
One can prove that T also restricts to endomorphism of {Ui)"^ , see for example 
the beginning of Section 7 in |CRj . It follows that the data {Ui^Vi,X,T) gives an 
s[2-categorification on C in the sense of [CR, Section 5.21]. By |CR1 Proposition 
5.20] this implies that for any simple object L in C, the object head([/i(i)) (resp. 
soc{ViL)) is simple unless it is zero. 

Let Be be the set of isomorphism classes of simple objects in C. As part of the 
data of the s[e-categorification, we have a decomposition C = (Bre pCt- For a simple 
module L e Ct, the weight of [L] in K{C) is r. Hence Be is a weight basis of K{C). 
Now for i G Z/eZ define the maps 

e, : Bc^BcU {0}, [L] ^ [head(C/,L)], 
: Be ^ Be U{0}, [L] ^ [soc{V,L)]. 

Proposition 6.2. T/ie data {Bc,ei,fi) is a perfect basis of K(C). 

Proof. Fix i G Z/eZ. Let us check the conditions in the definition in order: 

• for two simple modules L, L' e C, we have ei{[L\) = [L'] if and only if 
^ Hom(f/,L, V) = Hom(L, V^L'), if and only if fi{[L']) = [L]. 

• it follows from the fact that any non trivial module has a non trivial head. 

• this is [CRl Proposition 5.20(d)]. 

□ 

6.3. Let Bjr^ be the set of Z-partitions. In [JMMOj this set is given a crystal 
structure. We will call it the crystal of the Fock space Fs- 

Theorem 6.3. (1) The set 

and the maps 

er- Bo^ ,,^ Bo^ „U{0}, [L] [head(£;,L)], 

/, : Bo,,, ^ Boh.N U {0}, [L]^[soc{F,L)]. 

define a crystal structure on Bq^ ^ . 

(2) The crystal Bo^^^,^ given by (1) is isomorphic to the crystal Bjr^. 

Proof. (1) Applying Proposition l6.2l to the ste-categorification in Theorem IS . II yields 
that {Bo^^j,f,ei, fi) is a perfect basis. So it defines a crystal structure on -Boh n by 
(EH). 

(2) It is known that Bjr^ is a perfect basis of Jg- Identify the slg-modules 
and K{0-h^f,]). By Lemma l6.ll the set Bjr and B^^^, arc two weight bases of 
J-^ . So there is a bijection ip : B^ -^Oh « ^^"^^ Vaa-t wt(6) = wt('0(6)). Since 
J-"s is a direct sum of highest weight simple sle-modules, this bijection extends 
to an automorphism -0 of the sle-module Fs- By [BKI Main Theorem 5.37] any 
automorphism of Fs which maps i?^^ to Bq_^ ^ induces an isomorphism of crystals 
Bt^ ^ ^Oh,N- n 

Remark 6.4. One can prove that if n < e then a simple module L € Oh.n has finite 
dimension over C if and only if the class [L] is a primitive element in -Bo, n ■ ^^e 
case n = 1, we have -B„(Z) = /i/, the cyclic group, and the primitive elements in 
the crystal Bjr^ have explicit combinatorial descriptions. This yields another proof 
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of the classification of finite dimensional simple modules of i/h(M;)j which was first 
given by W. Crawley-Boevey and M. P. Holland. See type A case of |CH[ Theorem 
7.4]. 
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